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Abstract
Particle suspensions are ubiquitous in industry and natural phenomena. With the
rapid development of micro-devices it becomes increasingly important to understand
the behavior of flowing particle suspensions in confined geometries. Here, we per-
form numerical simulations of particles suspended in a channel in the inertial regime,
when particle and fluid inertia cannot be neglected. We study the variations of the
suspension’s effective viscosity and microstructure with confinement.
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Chapter 1
Introduction
The field of complex and micro fluids is diverse and rapidly developing with potential
for numerous relevant applications. Among complex fluids our thesis focuses on non-
colloidal non-Brownian suspensions, which are suspensions made out of relatively
large particles (particle radius a > 10µm) and where Brownian effects are negligible
while the inertial effects play an important role. In particular, our thesis is focused
on the study particle suspensions in confined geometries.
Learning about the rheological properties of non-Brownian suspensions is not only of
interest from a theoretical point of view [9] [17] but it can also significantly affect
many industrial applications.
In one of the earliest work in this field, Einstein showed that for a dilute suspension
of rigid particles in a Newtonian fluid with negligible inertia the relative increase in
effective viscosity is ∼ (5/2)φ where φ is the volume fraction occupied by the particles
[4][see e.g., 10, chapter 4.11]. At higher volume fractions, the case of non-Brownian
suspensions in confined geometries is still not well understood. Non-Brownian sus-
pensions may show shear-thickening, i.e. an increase of the effective viscosity with
the shear rate [23] [2]. The viscosity also increases when the concentration of the
particles in the fluid increases [10].
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Traditionally, microfluidics has often been associated with negligible inertia. The rea-
son of this common assumption is that fluid flow in microfluidic channels is assumed
to occur at low Reynolds number; this is a dimensionless parameter that describes the
ratio between inertial and viscous forces in a flow. In microfluidics reaching Reynolds
numbers of the order of 1 is relatively easy and therefore assuming Stokes flow can
lead to incorrect results. Lately, the importance of the inertial effects in microfluidics
has been pointed out by Di Carlo [7]. In his paper he studies the implications of the
inertia in microfluidics such as migration of particles and secondary flows in curved
channels.
In this thesis, we report three dimensional Direct Numerical Simulations (DNS) of
a plane-Couette flow of neutrally-buoyant rigid spheres in a Newtonian fluid. The
rheology is governed by two parameters: the volume fraction or concentration φ and
the shear rate γ˙. A non-dimensional form of the shear rate gives the Reynolds number
of the particles, [23] Rep ≡ ργ˙a2/µ0, where µ0 and ρ are the viscosity and density of
the suspending medium, respectively, and a is the particle radius. Previous studies
[23] [10] have considered that the effective viscosity µ is a function of φ and Rep.
Our numerical simulations have been run with the Immersed Boundary Method (IBM)
developed by Wim-Paul Breugem [5] [6], where the concentration ratio have been
fixed to 0.3 and the Reynolds number of the particles have been set to 1, 5 and 10
and therefore the inertial effects cannot be neglected. The variable in our simulations
has been the height of the channel that has been varied between 1.5 and 6 particle
diameters. This thesis aims to show what happens to the normalized effective viscos-
ity, the particles and fluid velocity and their fluctuations for the different values of
the channel height, all of the order of the particle size.
There have already been some studies on dense suspensions of particles in confined
geometries. In particular, E. Brown et al. [8] have conducted a series of experiments
with glass spheres in mineral oil at φ = 0.5 and rods at φ = 0.3 where the Reynolds
2
number of the particle was small enough to neglect the inertial effects. Their exper-
iments were performed with a fixed shear rate γ˙ = 4 s−1 and a variable gap height
d of the order of the particle size. They studied the behavior of the shear and nor-
mal stress when the gap size of the channel varied between about 10 and 2 particle
diameter and found that the shear stress approached a constant value at large gaps
as it was expected for bulk fluid behavior. As the gap decreased, an oscillation of
increasing amplitude appeared. The effect of the confinement was quite strong for
layers of two to three particles thick but it became much smaller rapidly when the
layer was six to seven particles thick.
Confinement effects have also been observed in our simulations where the inertial
effects could not be neglected. Our results show that in the case of highly confined
suspensions, the viscosity not only depends on the Reynolds number of the particles
and the volume fraction occupied by the particles but also on the height of the
channel lz. Hence, the effective viscosity is does a function of φ, Rep and lz, µ =
µ0f(φ,Rep, lz).
This thesis is organized as follows. The theoretical background of the non-colloidal
non-Brownian suspensions is explained in Chapter 2. This is followed by a description
of the numerical method including a brief description of the IBM and the set-up
of the simulations in Chapter 3. The results of the simulations are presented in
Chapter 4 starting from the behavior of the normalized effective viscosity followed by
the variation of the suspension’s properties and the particle distribution inside the
channel. Finally, the conclusions and a discussion are given in Chapter 5.
3
Chapter 2
Theoretical background
In this chapter some of the theory related with the Rheology of non-Newtonian fluids
is introduced. This theoretical introduction contains a serie of definitions of the key
terms that are needed to understand the results (section 4) of the simulations. This
chapter starts with the definitions of Rheology, complex fluids and viscosity among
other parameters, followed by the dimensional analysis of the problem in subsection
2.1.1. The suspension viscosity is further described in subsection 2.1.2 followed by
the governing equations that are presented in subsection 2.1.3. Finally, the Couette
flow, used in the simulations, is described in subsection 2.1.4.
2.1 Rheology
Rheology is the study of the flow of matter. It applies to substances which have
a complex microstructure, such as suspensions of particles. It generally studies the
behavior of non-Newtonian fluid, by characterizing the minimum number of functions
that are needed to relate stresses with change of strains such as the shear rate.
Before describing further terms it is important to introduce complex fluids, which are
binary mixtures that have a coexistence between two phases, only solid-liquid fluids
have been considered in this thesis. These fluids are considered complex because they
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present unusual responses to applied stress and they do not behave like Newtonian
fluids. Among complex fluids, on the one hand, there are colloidal suspensions where
Brownian effects play an important role while inertial effects are negligible. On the
other hand, in the framework of this thesis the suspensions studied are non-colloidal
due to the relatively large dimensions of the particles (particle radius a > 10µm). The
contribution to the suspension stress from Brownian motion and from inter-particle
forces can often be ignored. Since other phenomena can be neglected such suspensions
can be used to study hydrodynamic effects without other interferences. Nevertheless,
there is no diffusion to help generate an equilibrium structure due to the fact that
non-colloidal suspensions do not display Brownian motion.
Before characterizing the minimum number of functions that are needed to relate the
shear stresses with the shear rate, the different terms are defined.
The shear stress τ is defined as the component stress coplanar with a material cross-
section. Shear stress is also present in any real fluids moving along solid boundaries,
where the shear stress incurs on the boundary. The no-slip condition dictate that the
speed of the fluid at the boundary (relative to the boundary) has to be zero. However,
the flow speed must be equal to that of the fluid at some height from the boundary.
For all Newtonian fluids in laminar flow (Re < 2000) the shear stress is proportional
to the shear rate γ˙ in the fluid where the viscosity is the constant of proportionality:
τ = µ · γ˙ where γ˙ = ∂u
∂y
(2.1)
The shear stress is imparted onto the boundary as a result of this loss of velocity.
The viscosity µ is a measure of the resistance that the fluid presents to the gradual
deformation ∂u
∂y
by the shear stress τ , see eq. 2.1. Non Newtonian fluids do not
present a constant viscosity. Hence, assuming that one still desires to characterize
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the relation between the stress and the strain rate in the form similar to eq. 2.1, the
viscosity should be permitted to vary.
In the most general case, µ depends on the form of the flow, i.e. µ(D(u)). This is not
very informative, since in this case the relation 2.1 is equivalent to τ = f(D(u))γ˙,
where f(·) is a function of the velocity. Thus, to characterize the relation between the
stress and the strain rate, one should specify the function f(·). Different proposals for
the dependancy of the viscosity from the velocity are presented in subsection 2.1.1.
2.1.1 Dimensional analysis
The dimensional analysis have been made following Stickel et al. [23].
For a dimensional analysis of the shear flow the scalar shear stress τ and the rate of
deformation γ˙ are used, with the viscosity being defined as µ = τ
γ˙
. The dimensional
analysis given here follows that of Krieger [15]. The viscosity of the suspension is
considered as a general function of several system parameters:
µ = f(a, ρp, n, µ0, ρ0, kT, γ˙ or τ, t), (2.2)
where the particle properties are the following: radius a, density ρp and the number
of particles in the suspension n; while the suspending medium properties are: the
viscosity µ0 and the density ρ0; thermal energy kT ; the shear variable: shear rate γ˙
or shear stress τ ; and time t. All the terms in eq. 2.2 could be expressed in units of
length, mass and time. The dependency in equation 2.2 could also be reduced to six
variables by forming dimensionless groups:
µr = f(φ, ρr, P eγ˙, Reγ˙, tr), (2.3)
where µr is the normalized effective viscosity, namely the ratio between the shear
stress at the wall and the shear stress of the fluid. The parameters appearing in eq.
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2.3 are: the volume fraction φ, the relative density ρr, the Peclet number Peγ˙, the
Reynolds number of the particle Reγ˙ and the characteristic time tr. This dimension-
less parameters are defined as follows:
µr =
µ
µ0
, φ =
4pi
3
na3
V
, ρr =
ρp
ρ0
,
P eγ˙ =
6piµ0a
3γ˙
kT
, Reγ˙ =
ρ0a
2γ˙
µ0
, tr =
tkT
µ0a3
.
where V is the total volume of the suspension and 4pi
3
na3 account for the total volume
occupied by the particles. Eq. 2.3 may be further simplified. For neutrally buoyant
systems at steady-state, such as the one studied in this thesis, ρr and tr may be
neglected:
µr = f(φ, Peγ˙, Reγ˙), (2.4)
Furthermore, if the system studied is non-Brownian, the Peclet number is very large
and therefore the relative viscosity can be described as follows:
µr = f(φ,Reγ˙), (2.5)
In this case the relative viscosity is only a function of the volume fraction and the shear
rate through the Reynolds number since the viscosity and density of the suspending
fluid are considered constant. In the following subsection 2.1.2 the behavior of the
viscosity under different shear rates and with different volume fractions is presented.
2.1.2 Suspension viscosity
It is well known that adding particles to a liquid increases its resistance to flow. The
effect becomes more pronounced as larger quantities of particles are added. There are
many studies that have proven this fact, one of the last studies is the one by Picano et
7
Figure 2.1: Normalized effective viscosity µ/µ0 vs φ for four particle Reynolds num-
bers Re; symbols: ◦ Re = 0.1, × Re = 1, ∗ Re = 5 and 2 Re = 10; dash-dotted line,
Eilers fit with φm = 0.6 and B = 1.7. Inset, µ/µ0 vs Re: red solid line φ = 0.11;
long-dashed green line φ = 0.21; dashed green line φ = 0.26; dotted magenta line
φ = 0.315. Reprinted from Picano et al. [10] with permission of the author.
al. [10]. Figure 2.1 shows how the normalized effective viscosity (or relative effective
viscosity) µ/µ0 increases with an increase of the volume fraction per different values
of the particle Reynolds number.
There are abundant viscosity versus shear rate data in the literature for particle
suspensions. Many authors have found it convenient to assume that concentrated
suspensions are generally shear-thinning with Newtonian limiting behavior at both
low and high shear rates. However, this is not necessarily the case.
At high shear rates a shear-thickening region after a Newtonian plateau, have been
reported, as the shear rate increases. This shear thickening behavior has been well
reviewed by Barnes [3].
Numerical simulations allow us to do a direct computation of the stress on each
particle and calculate and average of the total stress for the system. Hence, detailed
studies of the rheology and microstructure of the suspension are possible performing
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simulations. For example figure 2.1 represents the results of simulations of spherical
particles at high shear rates for different values of the Reynolds number of the particle,
where an increase of the normalized effective viscosity is observed for increasing Reγ˙.
Hence, in these simulations shear-thickening is observed.
The suspensions studied in this thesis at the chosen Reγ˙, are in the shear-thickening
region. This implies that for increasing Reγ˙ the relative viscosity increases, as shown
for example by Picano et al. [10], seen in figure 2.1.
2.1.3 Governing equations
Particle-laden flows are described by the Navier-Stokes equations for the fluid phase
and the Newton-Euler equations for the solid particles. The Navier-Stokes equations
arise from applying Newton’s second law to a fluid motion, together with the assump-
tion that the stress in the fluid is the sum of a diffusing viscous term, see eq. 2.1, and
a pressure term. For an incompressible flow this equations read:
∇ · u = 0, (2.6)
ρf (
∂u
∂t
+∇ · uu) = −∇pe −∇p+ µf∇2u, (2.7)
where u is the velocity, ρf is the mass density, pe is a constant pressure gradient
(which could be used to drive the flow), p is the modified pressure (i.e., the total
pressure minus pe and the hydrostatic pressure) and µf is the dynamic viscosity of
the fluid.
The velocity of the particle is different in each point of the surface and therefore a
velocity per each position must be defined. The velocity Up of an infinitesimal particle
segment at position X can be decomposed into a transitional part and a rotational
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part according to:
Up = uc + ωc × r, (2.8)
where r = X − xc is the position vector relative to the particle centroid, where xc
and uc are the position and the velocity of the centroid, respectively, and ωc is the
angular velocity of the particle.
The Newton-Euler equations describe the transitional and angular velocities of a
particle. In this thesis spherical particles are studied. The Newton-Euler equations
for spheres reduce to:
ρpVp
duc
dt
=
∮
∂V
τ · ndA+ (ρp − ρf )Vpg− Vp∇pe + Fc, (2.9)
Ip
dωc
dt
=
∮
∂V
r× (τ · ndA) + Tc. (2.10)
where ρp and Vp = (4/3)piR
3 are the mass density and the volume of a particle,
respectively, for a sphere radius of R, τ = −pI + µf (∇u +∇uT ) is the stress tensor
for a Newtonian fluid with I being the unit tensor, n is the outward-pointing unit
normal at the surface ∂V of the particle, g is the gravitational acceleration and
Ip = (2/5)ρpVpR
2 is the moment of inertia of the particle. In eq. 2.9 the terms −ρfVpg
and −Vp∇pe account for the forces from the linear stratification of the hydrostatic
pressure and pe, respectively. While, Fc and Tc are, respectively, the force and the
torque acting on the particle as a result of collisions/physical contact with solid walls
and other particles. In addition to the previous equation the no-slip/no-penetration
boundary conditions at the surface of the particles lead to the following equations:
u = Up(X) ∀ X ∈ ∂V. (2.11)
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Figure 2.2: Couette flow originated by two moving wall, both walls moving at the
same velocity ~ubulk/2, half of the bulk velocity, in opposite directions
In the following chapter 3 the Immersed Boundary Method (IBM) is introduced ex-
plaining the implementation of the governing equations in the code.
2.1.4 Couette flow
The flow studied in the simulation is a Couette flow such as the one in figure 2.2. This
flow is generated by two moving wall, each of these walls move at half the bulk velocity
~ubulk/2 but in opposite directions. The moving wall generate a velocity gradient that
drives the flow. This velocity gradient is produced by the viscous drag force acting
on the fluid. The velocity gradient for this Couette flow reads:
u = ubulk · lz − z
2 · lz (2.12)
where u is the velocity at the vertical coordinate z and lz is the height of the channel
(i.e. distance between the two walls).
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Chapter 3
Numerical method
3.1 Immersed boundary method
3.1.1 Introduction
In the framework of this thesis the analysis of data from direct numerical simulation
(DNS) has proven particularly fruitful [18]. In recent years much effort has been
devoted to the design of an efficient numerical method to properly simulate the motion
of rigid particles immersed in an incompressible fluid [11] [12] [21]. This method
should at the same time: be efficient enough to be able to treat a large number of
particles and at high enough values of the relative Reynolds number; and be accurate
enough in representing the dynamics of the fluid and solid phases.
One method would be based on solving the Navier-Stokes equations in a time-
dependent fluid domain subjected to the no-slip condition at the interfaces with
the particles. However, this method implies a substantial computational cost due
to the fact that the mesh must be adapted to the varying position of the particles
during the simulation. Hu et al. [11] is an example of this technique, the arbitrary
Lagrangian-Eulerian particle mover.
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In order to avoid frequent re-meshing, the flow equations can instead be solved on a
fixed grid while the presence of the solid bodies is imposed by means of adequately
formulated source terms added to the Navier-Stokes equations. The immersed bound-
ary method (IBM) of Peskin is one of the precursors of this technique. Although it
was originally conceived for flows around flexible membranes [19], this method can
be adapted for our use. The basic idea is to determine a singular force distribution
at arbitrary (Lagrangian) positions and to apply it to the flow equations in the fixed
reference frame via a regularized Dirac delta function. At the same time, the mem-
brane is moving at the local flow velocity. The additional force term for this problem
is simply a function of the deformation of the membrane and of its elastic properties.
The careful design of Peskin’s delta function is vital to the efficiency of the method.
The IBM was later extended to Stokes flows around suspended particles [1] and
Navier-Stokes flows around fixed cylinders [16].
Uhlmann [25] developed a computationally efficient IBM for particle-laden flows
that is embedded in a finite-volume/pressure-correction method [26]. In Uhlmann’s
IBM the forcing term is no longer obtained by any kind of feedback mechanism and
the oscillations due to the fixed grid are as suppressed as possible. It combines
the original IBM’s ability to smoothly transfer quantities between Lagrangian and
Eulerian positions and the advantages of a direct and explicit formulation of the
fluid-solid interaction force. However, Uhlmann’s IBM is only first-order spatial and
second-order temporal accurate and is instable for particle-fluid mass density ratios
near unity, it is stable for mass density ratios greater than 1.2.
Wim-Paul Breugem [6] [5] improved different aspects of Uhlmann’s IBM in order to
increase the numerical accuracy of the method and to improve its numerical stability
for particle-fluid mass density ratios near unity, while maintaining its computational
efficiency and the suppression of grid locking. Firstly, the approximation of the no-
slip/no-penetration (ns/np) condition is improved by the multidirect forcing scheme
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of Luo et al. [14]. Secondly, a correction is implemented for the excess in the
effective particle diameter by a slight retraction of the Lagrangian grid from the
surface towards the interior of a particle [13]. Thirdly, the numerical stability of
the method is enhanced for the particle-fluid mass density ratios near unity by a
direct account of the inertia of the fluid contained within the particles. In addition,
Breugem combined his second-order accurate and efficient IBM with a soft-sphere
collisions model to accommodate inter-particle and particle-wall collisions [6] [5].
In conclusion, the immersed boundary method main characteristic is that the com-
putational grid for the fluid phase does not conform to the shape of the particles like
in conventional methods with a body-fitted grid. Furthermore, the grid is typically
structured and fully continuous in space and fixed in time. The ns/np condition on
the surface of a particle are not imposed explicitly; instead additional forcing is ap-
plied to the flow in the immediate vicinity of the surface such that these conditions
are satisfied with good approximation. This additional force is applied in the right
side of the Navier-Stokes equations 2.7.
ρf (
∂u
∂t
+∇ · uu) = −∇pe −∇p+ µf∇2u + ρf f, (3.1)
where f is the IB force. The IBM makes use of two different grids: a fixed, uniform and
continuous Cartesian grid for the fluid phase, the Lagrangian grid, and a uniform grid
attached to and moving with the surface of the particles, the Eulerian grid. Breugem’s
IBM has been tested in many different scenarios [6] [5] and the accuracy of this IBM is
of second order in space and of third order in time. Indeed the equations are integrated
in time by means of the three-step Runge-Kutta method of Wray [20] [26].
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3.1.2 Main characteristics of the chosen IBM
Breugem’s IBM [6] has been chosen in order to run the simulations of this thesis. In
this subsection a brief presentation of the method’s functioning is presented. Firstly,
an explanation of the improvements made by Breugem, followed by a brief comment
about the collision model and finally a description of the numerical method will be
presented.
Breugem’s improvements
1. The use of the regularized Dirac delta function for the interpolation and spreading
operations results in a diffuse distribution of the IB force around the interface of a
particle. There is an overlap in the forcing between adjacent Lagrangian grid points
that may not very well enforce the desired particle velocity at those points. The
solution proposed by Breugem [5] was to iteratively determine the IB forces on the
involved Eulerian points. Therefore, in order to improve the approximation of the
no-slip/no-penetration (ns/np) condition, he used the multidirect forcing scheme of
Luo et al. [14] and Kriebitzsch et al. [22]:
do s = 1, Ns
U∗∗,s−1l =
∑
ijk
u∗∗,s−1ijk δd(xijk −Xq−1l )∆x∆y∆z, (3.2)
F
q−1/2,s
l = F
q−1/2,s−1
l +
Up(X
q−1
l )−U∗∗,s−1l
∆t
, (3.3)
f
q−1/2,s
ijk =
∑
l
F
q−1/2,s
l δd(xijk −Xq−1l )∆Vl, (3.4)
u∗∗,s = u∗ + ∆tfq−1/2,s, (3.5)
enddo
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where the number of iterations Ns. The original method of Uhlmann [25] corresponds
to the case of Ns = 0. Breugem’s simulation results [5] suggest that 2 iterations are
optimal.
2. The use of the regularized Dirac delta function results in a diffuse particle interface.
In fact, the interface of a particle is surrounded by a porous shell. In consequence,
the effective particle radius is larger than the actual particle diameter and this can
lead to an overestimation of the drag force experienced by the fluid. A correction
was implemented by Breugem [5] to compensate the excess in the effective particle
diameter by slight retracting the Lagrangian grid from the surface towards the interior
of a particle [13]. The correction was set to Rnew = R − 0.3 ∆x where Rnew is the
new radius of the particle after the retraction, R is the studied radius of the particle
and δx is the distance between Eulerian grid points. The distance between Eulerian
grid points is one sixteenth of the radius of the particle (2R/16). Hence, the new
radius is be Rnew = 0.9625R.
3. The numerical stability of the method is enhanced for the particle-fluid mass
density ratios near unity by a direct account of the inertia of the fluid contained within
the particles. In order to improve the accuracy and could simulate mass density ratios
close to one (ρp/ρf ∼ 1) Kempe et al. [24] proposed to directly evaluate the volume
integrals by means of a second-order accurate midpoint rule.
Further description of the improvement proposed by Breugem can be find in ref. [5].
Collision model
To model inter-particle and particle-wall contact forces, the present IBM is combined
with a soft-sphere model. In this model particles are allowed to slightly overlap with
each other and the contact force is computed from the overlap between the particles
and their relative velocity.
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Input parameters of the soft-sphere collision model are the dry coefficient of restitution
ed and the time duration of a collision given as the number Nc, of computational
time steps. The dry coefficient of restitution is the coefficient of restitution for a
collision where viscous dissipation of the particle kinetic energy by the surrounding
fluid can be neglected. In the simulation the contact time is fixed at eight times the
computational time step (Nc = 8) which is a compromiseto avoid severe overlapping
but also to accurately resolve a collision in time.
Further description of the collision model proposed by Breugem can be find in ref.
[6].
Numerical method
The governing equations for the fluid phase are integrated in time with the explicit
low-storage three-step Runge-Kutta method of Wray [20] [26] for all terms except the
pressure gradient in the Navier-Stokes equations. For the latter the Crank-Nicolson
scheme is used. The advancement of the solution from time step n to n+1 is given
by the following pressure-correction scheme:
do q = 1, 3
u∗ = uq−1 +
∆t
ρf
(−(αq + βq)∇pq−3/2 + αqrhsq−1 + βqrhsq−2), (3.6)
U∗l =
∑
ijk
u∗ijkδd(xijk −Xq−1l )∆x∆y∆z, (3.7)
F
q−1/2,0
l =
Up(X
q−1
l )−U∗l
∆t
, (3.8)
f
q−1/2,0
ijk =
∑
l
F
q−1/2,0
l δd(xijk −Xq−1l )∆Vl, (3.9)
u∗∗,0 = u∗ + ∆tfq−1/2,0, (3.10)
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do s = 1, Ns
U∗∗,s−1l =
∑
ijk
u∗∗,s−1ijk δd(xijk −Xq−1l )∆x∆y∆z, (3.11)
F
q−1/2,s
l = F
q−1/2,s−1
l +
Up(X
q−1
l )−U∗∗,s−1l
∆t
, (3.12)
f
q−1/2,s
ijk =
∑
l
F
q−1/2,s
l δd(xijk −Xq−1l )∆Vl, (3.13)
u∗∗,s = u∗ + ∆tfq−1/2,s, (3.14)
enddo
∇2p˜ = ρf
(αq + βq)∆t
∇ · u∗∗,Ns, (3.15)
uq = u∗∗,Ns − (αq + βq)∆t
ρf
∇2p˜, (3.16)
pq−1/2 = pq−3/2 + p˜, (3.17)
enddo
where the Runge-Kutta step q corresponds to time step n for q = 0 and n + 1 for
q = 3 and u∗∗,s is the second prediction velocity at iteration step s of the multidirect
forcing scheme.
The first prediction of the velocity u∗ in eq. 3.6 does not account for the solid
obstacles (spherical particles in our case) and it is not until the second prediction of
the velocity u∗∗ when the IB force is taken into account, eq. 3.14. Afterwards, using
the correction pressure p˜ the next step velocity and pressure are calculated.
Further description of the code can be found in Breugem’s paper (ref. [5]).
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Figure 3.1: Eulerian grid and the distribution of the Lagrangian grid points over a
sphere for D/Dx = 16, where D is the sphere diameter, and retraction distance rd =
0.3Dx. The number of Lagrangian grid points on the retracted surface of the sphere
is equal to 746. Reprinted fom Breugem [5].
3.2 Configuration
In this section the setup of the numerical simulations is defined. Different parts of
the setup and the elements that have been changed in each simulation are explained
as well as the boundary conditions and the geometry and meshing of the channel.
3.2.1 Channel geometry and meshing
The channel geometry is a rectangular prism with dimensions lx·ly·lz, lx and ly are
the dimensions of the domain in the x-direction and the y-direction respectively and
they are chosen to be sixteen particle radii (lx, ly = 16·a). The dimension in the
z-direction lz corresponds to the height of the channel. Therefore, lz is the variable
that changes in each simulation.
The meshing of the particles can be seen in figure 3.1. On the one hand, the fluid
is meshed by an Eulerian grid that contains 16 points per unit of length, which is
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considered to be one diameter of a particle. Thus, the number of points is 128 in the
x and y directions (i and j respectively) while in the z-direction (k) is proportional
to lz. Hence, the number of grid point per direction are
i = 128; j = 128; k = 16·lz.
On the other hand, each particle is meshed by a Lagrangian grid that contains 746
grid points on the surface of the sphere.
3.2.2 Suspension and flow properties
Into the code, two different parameters of the suspension are defined and have to be
introduced indirectly. These parameters are the Reynolds number of the particles,
Rep, that has to be introduced as the Reynolds number of the fluid, Ref . The second
parameter is the solid volume fraction φ that would be set through the number of
particles NP .
In order to have bigger absolute variations of the normalized effective viscosity µ/µ0
as we have seen in figure 2.1 the following numbers have been chosen: the Reynolds
number of the particles has been set to 5 in order to start the study and 1 and 10 to
compare the results. The volume fraction has been set to approximately 0.3.
As has been said above, the volume fraction is introduced in the code by setting
the number of particles. The concentration factor is proportional to the number of
particles as shown in eq. 3.18.
φ =
pi
6
· NP
lx·ly·lz ; (3.18)
Due to the fact that the concentration depends on the height of the channel, the
number of particles is different for each simulation.
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The volume fraction have been chosen to be φ = 23/240pi∼0.301069. This number
corresponds to the closest concentration to 0.3 in the case of lz = 5, where NP = 184,
which was the first simulation that was run.
Hence, the remaining equation, once the known variables are replaced and NP is
isolated is
NP =
184
5
·lz; (3.19)
The flow chosen for these simulations is a Couette flow similar to the one shown in
figure 2.2.
The Reynolds number of the fluid changes for each simulation according to the fol-
lowing equation,
Ref = Rep ·
(
lz
a
)2
; (3.20)
With Rep equal to 1, 5 or 10.
3.2.3 Boundary conditions
The planes xy are moving walls. The walls have the no-slip/no-penetration (ns/np)
condition. The walls move with the same speed but in opposite direction. The wall
at z = 0 is moving with a velocity of uw = ubulk/2 (where ubulk is the bulk velocity),
while the wall at z = lz is moving with a velocity of uw = −ubulk/2.
Periodic conditions are imposed in the remaining directions.
3.2.4 Number of cores
Ideally the number of cores NC chosen for the simulations would be big, 16 in par-
ticular.
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Unfortunately the code has a restriction that stipulates that the number of grid points
in the z-direction has to be divisible by the number of cores. Hence, in the majority
of the cases the number of cores selected have usually been the maximum possible
but always equal or smaller than 16. In the worse cases simulated the NC had to
be set to 1 and that has supposed a enormous increment of the computational time,
making the longest simulations last more than 40 days.
3.2.5 Number of time steps
The number of time steps tsteps is another important factor into the setup.
The number of time steps chosen for the simulations have been a compromise between
accuracy and time and it depends on the reference time tref . The reference is pro-
portional to the Reynolds number of the particles, in particular, the tref of Rep = 10
is ten times bigger than the one of Rep = 1. In this thesis a time over the reference
time (t/tref ) have been chosen to be 600 for the simulations run with a Rep = 5, 10
(at Rep = 1 the t/tref have been reduced due to the computational time). The tsteps
are the minimum necessary to reach t/tref = 600.
In the following sections different number of time steps have been chosen always trying
to find a compromise between accuracy and time.
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Chapter 4
Results
In this chapter the results of the simulations and the treatment of the data will be
presented. First of all, the results of the normalized effective viscosity, µ/µ0 versus the
height of the channel, lz, will be presented. In the following section, the fluctuation of
different properties of the suspension will be presented; these fluctuations are related
to the local concentration and velocity. Finally, different visualizations of the channel
will be presented in order to better understand the behavior of the particles in the
channel.
In this chapter the terms the height of the channel lz and the vertical coordinate of
the channel z have been always considered relative to the particle diameter to simplify
the writing and the understanding of the results. Hence, lz = 2 and z = 1.5 actually
corresponds to a height of the channel equal to 2 particle diameters and the vertical
coordinate of the channel at 1.5 particle diameter, respectively.
4.1 Viscosity
In this section the different cases simulated are presented, starting with the simula-
tions where the particle Reynolds number is Rep = 5. The second subsection contains
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the cases with the particle Reynolds number equal to 1 and 10. The last subsection
contains a representation of the three cases together.
4.1.1 Results for Rep = 5
The first simulations where run with a Reynolds number of the particle Rep equal to
5. The idea that lead to this decision was to have a low Rep but still high enough to
produce results in a reasonable computational time (shorter transient effects). Hence,
Rep = 5 was selected for the first round of simulations.
In order to have a first insight into the fluctuation of the normalized effective viscosity,
µ/µ0 due to the variation of the height of the channel, lz, it has been decided to study
cases from lz = 2.5 to lz = 5 particle diameters by increasing the height by 0.5 units
every time. One unit correspond to one diameter of a suspended particle. Table 4.1
contains all the data necessary to complete the setup so that the simulations can be
run.
Table 4.1: Necessary data for the numerical setup of each case on the first insight. lz
domain height, Np: number of particles, Ref : Reynolds number of the fluid, Ntsteps:
number of time steps, CORES: number of cores used for the simulations.
lz Ref Np CORES Ntsteps
2.5 125 92 2/4 (8) 63000
3 180 110 2/4 (8) 63000
3.5 245 129 2/4 (8) 63000
4 320 147 4/4 (16) 63000
4.5 405 165 2/4 (8) 63000
5 500 184 2/4 (8) 63000
Due to the fact that the time step remains constant for all the simulations the number
of time steps Ntsteps remains constant for each simulation. The number of time steps
has been set to 63,000, which correspond to 609.0659 time units, t/tref (time over
reference time). At this time step, all the simulations are already stationary. One
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example of this stationary behavior is seen in figure 4.1, the rest of the cases can be
found in Appendix A.
Despite the fact that 4/4 (16) cores could have been used for the simulations where
the height of the channel is an integer, only 8 cores have been used because these
simulations were run on a desktop computer with only 12 cores. In subsequent sim-
ulations, both a super computer and a regular computer have been used, therefore
some simulations have been made with 16 cores.
Figure 4.1(a) shows the convergence of the normalized effective viscosity over time
for the case where the height of the channel is 5. The red rectangle represents the
sample of the data that have been studied. Figure 4.1(b) represents a zoom of the
data in the red rectangle in figure 4.1(a). The black solid line represents the time
traces of the normalized effective viscosity and the black dash-dotted line represents
the average normalized effective viscosity, which have been calculated with the data
of the sample.
It has been decided to study the data between the time units of 300 and 600, firstly,
because the simulations where already stationary. Secondly, it represents a big sample
of data to study so the anomalies can be minimized. In particular this sample contains
31,033 time steps and therefore 31,033 rows of data to calculate with.
The results of these first simulations defined in table 4.1 are represented in figure 4.2.
The average of the normalized effective viscosity and the corresponding 1 SD error
bars are presented.
The cases of the first insight are presented with square boxes, 2. The red markers
represent the particular cases where the height of the channel is an integer. Due to
the fact that the diameter of a particle is 1, there is room for an integer number of
particles in the channel in the vertical direction. The rest of the cases are represented
in black markers. The vertical black bars represent the error bars.
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Figure 4.1: Normalized effective viscosity µ/µ0 versus time units t/tref of the simula-
tion for the case of height of the channel lz = 5 and fluid Reynolds number Rep = 5.
(a) Black solid line, time traces of µ/µ0 along the simulation; red rectangle, the sam-
ple of data that will be studied and that is represented in (b). (b) Solid line, time
traces of µ/µ0 along the sample; dash-dotted line, the sample’s average µ/µ0.
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Figure 4.2: Normalized effective viscosity µ/µ0 versus the height of the channel lz
for the cases of table 4.1, 4.2 & 4.3. Markers: Squares, cases of table 4.1; Triangles,
cases of table 4.2; Circles, cases of table 4.3. Black markers, average µ/µ0 of the
cases where lz is not an integer; red markers, average µ/µ0 of the cases where lz is an
integer; vertical black lines, error bars which represents the error in accuracy of the
results.
The results of the normalized effective viscosity versus the height of the channel did
not show any clear pattern. Nevertheless, analyzing only the red crosses it might seem
to be an increment of the µ/µ0 with lz. In any case, the results were inconclusive and
therefore, further simulations were required.
A second set of simulations were run. The aim of these new simulations is to increase
the amount of cases in order to have a clearer vision of the results and their possible
meaning. The set-up of these simulations is presented in table 4.2. Simulations
started from lz = 1.5 and continue to lz = 4 increasing by 0.25. The main reason why
this time the increments of the height of the channel are 0.25 is to better see if the
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results show some pattern. A simulation where lz = 6 was also run in order to see if
the tendency of the red markers continue.
Table 4.2: Necessary data for the numerical setup of each case in the second insight.
lz domain height, Np: number of particles, Ref : Reynolds number of the fluid, Ntsteps:
number of time steps, CORES: number of cores used for the simulations.
lz Ref Np CORES Ntsteps
1.5 45 55 2/4 (8) 83000
1.75 61.25 63 2/2 (4) 83000
2 80 74 4/4 (16) 83000
2.25 101.25 83 2/2 (4) 83000
2.75 151.25 98 2/2 (4) 63000
3.25 211.25 120 2/2 (4) 63000
3.75 281.25 138 2/2 (4) 63000
6 720 221 4/4 (16) 63000
As can be seen in table 4.2, the new simulations with the height of the channel equal
to an integer have been run on the supercomputer using those 16 cores. It can also be
observed that some simulations, in particular the simulations with lz < 2.5 required
83,000 time steps. This larger number of time steps is not needed due to any change
of the time step value, which has remained constant. However, as the height of the
channel is really small, the code struggles in randomly initialize the particles into the
channel. Hence, the code needed to be modified in order to collocate the particles
manually into the channel. The new code places the particles in an orderly manner,
in a geometrical disposition. Due to the fact that a random distribution is required in
order to better study the behavior of the normalized effective viscosity, 20,000 extra
time steps were needed to let the particles get mixed.
In figure 4.3 it can be seen how, for the case of lz = 2, the particles have mixed after
the first 20,000 time steps. In figure 4.3(a) the initial configuration of the suspension
is represented, where the geometrical distribution of the particles can be observed.
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figures 4.3(b) and4.3(c) represent two transitional stages; in figure 4.3(d) the particles
are considered mixed. Figure 4.3(b) represents the distribution of the particles after
7,000 time steps, which corresponds to a 67.6758 time units. Figure 4.3(c) repre-
sents the distribution of the particles after 14,000 time steps, which corresponds to a
135.3516 time units. Finally, figure 4.3(d) represents the distribution of the particles
after 20,000 time steps, which correspond to 193.3594 time units.
(a) (b)
(c) (d)
Figure 4.3: Particle distribution in the channel of the simulation where the height of
the channel lz = 2 and the Reynolds number of the fluid Ref = 80 from an ordered
distribution to a disordered-random distribution. (a) Initial distribution. (b) time
step 7,000. (c) time step 14,000. (d) time step 20,000.
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For the analysis of the results, the first 20,000 time steps have been considered as
a mixing process and therefore neglected. Figure 4.4(a) shows the convergence of
the normalized effective viscosity in time for the case lz = 2. The blue vertical line
separates the part of the simulations designated to mix the particles (the first 20,000
time steps) and the rest. The red rectangle represents the sample of the data that has
been studied. Figure 4.4(b) reports a zoom of the data in the red rectangle in figure
4.4(a). The black solid line represents the time traces of the normalized effective
viscosity and the black dash-dotted line represents the average normalized effective
viscosity that have been calculated with the data of the sample.
The remaining time traces are in Appendix A.
The results of the simulations in table 4.2 are represented in figure 4.2. Where it
can be seen the average of the normalized effective viscosity for all the cases. The
results of the second set of simulations are represented with triangles, 4 and their
corresponding error bars.
The results of the first and the second set combined may present a pattern. The
normalized effective viscosity seems to undulate from left to right while its amplitude
decreases. At the same time, the viscosity of the cases where lz is an integer (red
markers) increase with the height of the channel. Our hypothesis is that the aver-
age normalized effective viscosity changes with the height of the channel following a
pattern, which could be approximated by an oscillating function. In this hypothetic
scenario, the red markers are local minima. It also seems that the amplitude of the
oscillation decreases when the height of the channel increases (from left to right).
To gain further understanding we run additional simulations around the local minima
lz = 2 and lz = 3. It is expected that the average normalized effective viscosity of
these new simulations will fall into the undulating pattern where lz = 2 and lz = 3 are
local minima. Hence, our hypothesis for the new values of the normalized viscosity
is that these values will be compressed between the values with an lz immediately
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Figure 4.4: Normalized effective viscosity µ/µ0 versus time steps t/tref of the simula-
tion for the case of height of the channel lz = 2 and fluid Reynolds number Rep = 5.
(a) Black solid line, convergence of µ/µ0 along the simulation; blue vertical line, sep-
aration between the mixing part of the simulation and the part considered for further
study; red rectangle, the sample of data that have been studied and that is repre-
sented in (b). (b) Solid line, time trace of µ/µ0 along the sample; dash-dotted line,
the sample’s average µ/µ0.
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before or after and the local minima. For example, we expect that the value of the
normalized effective viscosity at lz = 1.875 will be smaller than the value at lz = 1.75
and bigger than at lz = 1.9375 and that this last one would still be bigger than the
minima at lz = 2.
Therefore, the third and last set of simulations contains the points as close as it can
be to lz = 2 and lz = 3. This set of simulations contain the four closest points to each
of the local minima lz = 2 and lz = 3. Restrictions of the numerical implementation
impose that the amount of grid points has to be an integer, where k = 16·lz. Hence,
the points lz = 2±0.125, lz = 2±0.0625, lz = 3±0.125&lz = 3±0.0625 have to be
chosen. Another restriction of the code that has presented difficulties is the one that
forces the number of cores to be a divisor of k. Therefore, the number of cores allowed
is only 2 for the cases of lz = a±0.125 and 1 for the cases of lz = a±0.0625. Hence,
this restriction sharply increases the time of the simulations. Table 4.3 shows the
simulation setup of the third set of simulations.
Table 4.3: Necessary data for the numerical setup of each case in the third insight. lz
domain height, Np: number of particles, Ref : Reynolds number of the fluid, Ntsteps:
number of time steps, CORES: number of cores used for the simulations.
lz Ref Np CORES Ntsteps
1.875 70.3125 69 1/2 (2) 83000
1.9375 75.078125 71 1/1 (1) 83000
2.0625 85.078125 76 1/1 (1) 83000
2.125 90.3125 78 1/2 (2) 83000
2.875 165.3125 106 1/2 (2) 63000
2.9375 172.578125 108 1/1 (1) 63000
3.0625 187.578125 113 1/1 (1) 63000
3.125 195.3125 115 1/2 (2) 63000
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The new simulations did not present any new irregularity. Hence, no new figures
are needed. Nevertheless, the figures of the convergence of all the simulations are in
Appendix A.
The results of the simulations in table 4.3 are also represented in figure 4.2. The results
of the simulation of the third set are represented with circles, ◦ with corresponding
error bars.
The new results (circular markers) are compressed between the values that were
expected, with the only exception of µ/µ0 at lz = 2.9375 that is below µ/µ0 at
lz = 3. The expected result was that the average normalized effective viscosity would
be reduced when the height of the channel increases between lz = 1.75 and lz = 2.
The same behavior was expected for the points between lz = 2.75 and lz = 3, in
this occasion the average normalized effective viscosity of lz = 2.9375 is slightly lower
than at lz = 3; the hypothesis only predicted three of the four results. For the values
between lz = 2 and lz = 2.25 we expected that the average normalized effective
viscosity would increase when the height of the channel increases. Idem for the values
between lz = 3 and lz = 3.25; this time the hypothesis has been proven right.
With these new results it definitely seems that there is a fluctuation of the average
normalized effective viscosity when the height of the channel varies. This fluctuation
seems to follow an undulating pattern that increases its mean with the increase of
the height of the channel; this property can be easily observed when looking only at
the red markers. The fluctuation function also reduces its amplitude when the height
of the channel increases. In general, it seems that when the height of the channel is
a multiple of the diameter of a particle, there is a local minimum, with the exception
of lz = 2.9375. Nevertheless, looking carefully at the error bars, it is noticeable that
the average normalized effective viscosity when lz = 3 could be lower than µ/µ0 at
lz = 2.9375.
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In the following subsections (4.1.2 & 4.1.3) similar simulations will be presented for
Rep = 1 and Rep = 10 respectively, in order to study the robustness of these results
when varying the inertia. In sections 4.2 and 4.3 we present a closer study of the
behavior of the particles in the suspension to try to understand what really happens.
4.1.2 Inertial effects: Rep = 1, 10
In order to corroborate the results obtained in the preceding subsection (4.1.1) new
simulations have been run. Again, the simulations are meant to study the variation
of the suspension’s effective viscosity in the inertial regime. Hence, the new particle
Reynolds number have been chosen bigger than 0.1. The new particle Reynolds
number are Rep = 1 and Rep = 10. This selection has been made in order to see if
there is a variation of the undulations with the variation of the average normalized
viscosity, which increases with the Rep, the so called inertial shear-thickening.
Tables 4.4 and 4.5 show the necessary data to initiate the numerical simulations of
all the cases where Rep = 1 and Rep = 10.
Notice that in tables 4.4 and 4.5 the number of time steps have varied from the
Ntsteps of subsection 4.1.1. These differences are due to the change of the time step
of the simulations produced by the change of the Reynolds number of the particles.
In table 4.5, which present the cases of Rep = 10, the number of time steps have been
reduced almost to the half. This reduction is due to the fact that the time step has
doubled its value as the Reynolds number. In table 4.4, Rep = 1, even though the
time step has been reduced to a fifth, the number of time steps has not increased as
much. The time steps of the simulations have been set to 230,000 due to the actual
simulation time. The longest simulations, the ones where only one core could be
used, took about 40 days. Nevertheless, as table 4.6 shows, in order to use a sample
of data of the stationary part, this time the sample studied goes from 344 to 444 time
units. This represents 155,173 points studied, a much bigger sample than the others.
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Table 4.4: Necessary data for the numerical setup of each case of Reynolds number
of the particle equal to 1. lz domain height, Np: number of particles, Ref : Reynolds
number of the fluid, Ntsteps: number of time steps, CORES: number of cores used for
the simulations.
lz Ref Np CORES Ntsteps
1.5 9 55 2/4 (8) 300000
1.75 12.25 63 2/2 (4) 300000
1.875 14.0625 69 1/2 (2) 300000
1.9375 15.015625 71 1/1 (1) 300000
2 16 74 4/4 (16) 300000
2.0625 17.015625 76 1/1 (1) 300000
2.125 18.0625 78 1/2 (2) 300000
2.25 20.25 83 2/2 (4) 300000
2.5 25 92 2/4 (8) 230000
2.75 30.25 98 2/2 (4) 230000
2.875 33.0625 106 1/2 (2) 230000
2.9375 34.515625 108 1/1 (1) 230000
3 36 110 2/4 (8) 230000
3.0625 37.515625 113 1/1 (1) 230000
3.125 39.0625 115 1/2 (2) 230000
3.25 42.25 120 2/2 (4) 230000
3.5 49 129 2/4 (8) 230000
3.75 56.25 138 2/2 (4) 230000
4 64 147 4/4 (16) 230000
5 100 184 2/4 (8) 230000
Therefore, this reduction of the sample time steps from 300 to 100 would not reduce
the accuracy of the calculations. In any case, the samples of data only contain points
where the normalized effective viscosity have an stationary behavior and the particles
are well mixed.
All the plots with the convergence of the simulations for each case of particle Reynolds
number equal to 1 and 10 are in Appendix A.
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Table 4.5: Necessary data for the numerical setup of each case of Reynolds number
of the particle equal to 10. lz domain height, Np: number of particles, Ref : Reynolds
number of the fluid, Ntsteps: number of time steps, CORES: number of cores used for
the simulations.
lz Ref Np CORES Ntsteps
1.5 90 55 2/4 (8) 50000
1.75 122.25 63 2/2 (4) 50000
1.875 140.625 69 1/2 (2) 50000
1.9375 150.15625 71 1/1 (1) 50000
2 160 74 4/4 (16) 50000
2.0625 170.15625 76 1/1 (1) 50000
2.125 180.625 78 1/2 (2) 50000
2.25 202.5 83 2/2 (4) 50000
2.375 222.625 87 1/2 (2) 32000
2.5 250 92 2/4 (8) 32000
2.75 302.5 98 2/2 (4) 32000
2.875 330.625 106 1/2 (2) 32000
2.9375 345.15625 108 1/1 (1) 32000
3 360 110 2/4 (8) 32000
3.0625 375.15625 113 1/1 (1) 32000
3.125 390.625 115 1/2 (2) 32000
3.25 422.5 120 2/2 (4) 83000
3.5 490 129 2/4 (8) 32000
3.75 562.5 138 2/2 (4) 32000
4 640 147 4/4 (16) 32000
5 1000 184 2/4 (8) 32000
6 1440 221 4/4 (16) 32000
Table 4.6 shows the reference time of the simulations and the sample of data con-
sidered per each particle Reynolds number. It also contain the number of time steps
considered for the calculations.
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Table 4.6: Reference time, tref , sample of data and number of time steps considered
for the simulations per each particle Reynolds number, Rep
Rep tref Sample of data number of time steps considered
1 0.16113281E-02 344 to 444 155,173
5 0.80566406E-02 300 to 600 15,516
10 0.16113281E-01 300 to 600 31,033
The results of the simulations in tables 4.4 and 4.5 are represented in figures 4.5 and
4.6 respectively. The average of the normalized effective viscosity for all the cases is
represented.
Figures 4.5 and 4.6 show how the undulation of the normalized effective viscosity
also occurs at different Reynolds number of the particle. Moreover, the values of
µ/µ0 where the height of the channel is an integer seem to be relative minima. The
only exception is the case of lz = 2 in figure 4.7 where the same thing happens as
in subsection 4.1.1. Looking at the error bars it could still be a local minimum. In
conclusion, the new two samples of simulations (Rep = 1 & 10) don’t seem to present
any significant difference with the first one (Rep = 5).
4.1.3 Comparison between the cases
To better document the similitude between the three sets of simulation, they are
studied together in this section.
Figure 4.7 shows the fluctuation of the normalized effective viscosity for each of the
three cases (Rep = 1, 5 & 10) and a first approximation of how the curves would look.
The red lines and dots represent the cases where the particle Reynolds number is
equal to 1, the blue ones where Rep = 5 and the green ones where Rep = 10.
In Figure 4.7 is easy to see the similitude of the undulation patterns of each case. It
shows how the initial values of the normalized effective viscosity is really similar for
each case. Besides these similar initial points, the undulation amplitude is reduced
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Figure 4.5: Normalized effective viscosity µ/µ0 versus the height of the channel lz for
the cases of table 4.5. Black crosses, average µ/µ0 of the cases where lz is not an
integer; red crosses, average µ/µ0 of the cases where lz is an integer; vertical black
lines, error bars which represents the error in accuracy of the results.
faster when the Reynolds number of the particle is smaller. When the height of the
channel is bigger than 3.25 the differences are amplified and µ/µ0 becomes bigger
with Rep. Although, the green curve (Rep = 10) is still undulating at lz = 4 reaching
one last minimum before it tends to the bulk fluid behavior. The last behavior shown
by the curves, where they tend to the bulk values, was the expected one, because it
is known that the normalized effective viscosity increases when the Reynolds number
increases. Nevertheless, this behavior only seems to be visible once the height of the
channel is big enough; once the effects of the confinement are reduced.
In conclusion, there is a fluctuation of the average normalized effective viscosity when
the height of the channel varies. This fluctuation seems to follow an undulating
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Figure 4.6: Normalized effective viscosity µ/µ0 versus the height of the channel lz for
the cases of table 4.5. Black crosses, average µ/µ0 of the cases where lz is not an
integer; red crosses, average µ/µ0 of the cases where lz is an integer; vertical black
lines, error bars which represents the error in accuracy of the results.
pattern that increases its mean with the increase of the height of the channel. The
amplitude of the undulation decreases when the height of the channel increases until
it almost disappears between lz = 4 and lz = 5 for the cases where Rep = 1 & 5
and between lz = 5 and lz = 6 for the case where Rep = 10. Hence, it seems that
when the inertia increases the tendency of the curve to reach the bulk fluid behavior
comes later. In general, it seems that there is a local minimum when the height of the
channel is a multiple of the diameter of a particle. On the other hand, the maximums
are allocated around 1.5, 2.5 and 3.5 particle diameter. In contrast with the theory
that says that the normalized effective viscosity increases when the particle Reynolds
number does it, the three curves show an almost identical behavior until lz = 2.5.
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Figure 4.7: Normalized effective viscosity µ/µ0 versus the height of the channel lz for
the cases studied in section 4.1.Dots, average µ/µ0 of the cases where Rep = 1, 5&10;
red dots and lines, represents the cases of Rep = 1; blue dots and lines, represents
the cases of Rep = 5; green dots and lines, represents the cases of Rep = 10.
Between lz = 2.5 and lz = 3.25 the curves start to diverge one from the others and
continues until they shown the expected differences of µ/µ0 after lz = 5. Hence, it
seems that the effect of the high confinement reduces the differences of the Reynolds
number variations, i.e. the inertial effects, which go back to normal after lz = 4.
4.2 Variation of the suspension’s properties
In this section the behavior of the particles in the fluid as a function of the vertical
position z is studied, all the plots presented in this section are made with the data
of the simulation of Rep = 5, the data has shown a similar behavior, all the plots are
contained in the Appendix B. The different properties analyzed are the concentration
φ, the mean velocity of the fluid Vmean (in the y-direction, i.e. in the direction of
the Couette flow) and the root mean square fluctuations of the velocities in the three
directions Urms, Vrms, Wrms and the concentration fluctuations φrms.
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Once a simulation finishes, it is possible to use its particlechar files (there is one
per particle) that contains all the information about the particle motion for each
time step. In order to calculate the different properties described in the preceding
paragraph a new code has been used. The code detects the different particles at each
time step and calculates φ, Vmean, Urms, Vrms, Wrms and φrms for each vertical grid
point averaging the values of all the particles contained in the plane z = H/k·n; where
H is the height of the channel, k the numbers of grid points in the vertical direction
and n a number between 0 and k.
The code only considers the data extracted from each particlechar every thousand
time steps. In particular, for the cases with a total of 63,000 time steps, only the
data between time step 32,000, which corresponds to time step 309.3589, to time
step 63,000, which corresponds to time step 609.0659, are considered. This interval
corresponds approximately to three hundred time steps, the same amount of data
used for the data in section 4.1. On the other hand, for the cases where the total
number of time steps is 83,000, the data considered was between 52,000 to 83,000.
Therefore, the first twenty thousand time steps are left out since the particles need
to mix first. The same considerations were made for the particle Reynolds numbers
1 and 10, not considering the first 70,000 and 18,000 time step respectively.
4.2.1 Local Concentration
The concentration distribution will enlighten how the particles behave, where the
particles flow in the fluid. Figure 4.9 shows the concentration distribution along the
vertical direction. The concentration seems to have a similar shape for all the cases.
The main difference is that, the highest is the channel, the more relative extremes
the curve has (largest differences between maximum and minimum).
To achieve a better understanding of the behavior of the concentration with the
different height of the channel, figure 4.10 shows the concentration along the real
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Figure 4.8: The legend represents all the cases of tables 4.1, 4.2 and 4.3
Figure 4.9: Concentration factor (volume fraction), φ versus the normalized vertical
coordinate of the channel, z/H for the cases of tables 4.1, 4.2 and 4.3. The legend
containing the code of colors and types of lines is in figure 4.8.
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Figure 4.10: Concentration factor (volume fraction), φ versus the vertical coordinate
of the channel, z for the cases of tables 4.1, 4.2 and 4.3. The legend containing the
code of colors and types of lines is in figure 4.8.
vertical coordinate, to show how the concentration behaves for each value of z per
simulation.
The concentration reported in figure 4.10 shows that the concentration is minimum
(almost zero) close to the wall and maximum at z≈0.55 for all the cases. At z≈1.05
reaches a minimum and a maximum around z = 1.5; the latter of which happens a
little bit later for the simulations with a bigger height of the channel.
Close to the wall, the concentration is almost zero which is the expected result due
to the wall boundary condition, which forbids particles to penetrate a wall. The
maximum at z≈0.55 shows that the probability of a particle being close to the wall is
really high and the likelihood is bigger when the height of the channel is smaller. The
next minimum at around z = 1 indicates that the probability of having particles at
the distance of one particle diameter is very low. Combined with the first maximum,
this most likely indicates that even when the height of the channel is different than an
integer the particles tend to circulate into the fluid close to the walls, creating layers
next to the walls. This hypothesis is reinforced by the next maximum at around
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Figure 4.11: Concentration factor (volume fraction), φ versus the normalized vertical
coordinate of the channel, z for the cases from lz = 1.5 to lz = 2.25. The legend
containing the code of colors and types of lines is in figure 4.8.
z = 1.5, where again the probability of having particles increases in what could be
named as a second layer from the wall. This layer’s behavior seem to become more
and more diffuse when approaching the center of the channel in high channels such
as lz = 5 or lz = 6; it tends to an equilibrium at φ≈0.33− 0.34. In addition, the first
two maximums that the curves reach seem to be smaller when the channel height is
bigger. This effect is bigger in the first maximum at around 0.5, where the layer next
to the wall would be.
Both, figure 4.9 and 4.10 only represent half of the height of the channel because of
the symmetry of the channel and the Couette flow. Hence, in the other half, the same
is happening but mirrored.
In order to be able to better appreciate what is happening with the distribution of the
particles in the channel, figures 4.11 and 4.12 have been generated. Figure 4.11 shows
more detail on the concentration variation in the small-cases, between lz = 1.5 and
lz = 2.25; figure 4.12 shows the behavior of the concentration for the medium-sized
cases, between lz = 2.5 and lz = 3.25.
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Figure 4.12: Concentration factor, φ versus the normalized vertical coordinate of the
channel, z for the cases from lz = 2.5 to lz = 3.25. The legend containing the code of
colors and types of lines is in figure 4.8.
Figure 4.11 shows how, in the case where lz = 1.5 the particles tend to go to the
center of the channel. It must be remembered that no more than one particle can fit
in the channel. In contrast, for the cases where still two particles cannot be allocated
one above the other (lz = 1.75, lz = 1.875 and lz = 1.9375) but the channel is getting
wider, the particles tend to form a layer next to the wall, even thought that the layers
created next to the walls have to share part of the channel. Hence, it will be many
collisions. The tendency of creating a layer close to the wall increases as the height
of the channel approaches to lz = 2. When the height of the channel is exactly two
diameters of a particle, we see two layers next to the walls. When the height only
increase a little bit this tendency seem to remain, even for the case of lz = 2.25 where
the volume fration in the middle of the channel goes to φ≈0.13, which is much lower
than the average, φ≈0.3.
Figure 4.12 shows how the tendency seen above, (which remained even for lz = 2.25
in figure 4.11) starts to be less pronounced near lz = 2.5. This time the concentration
instead of going to φ≈0.13 (case of lz = 2.25) goes to φ≈0.21. This phenomenon is
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even more pronounced for lz = 2.75 where in the middle of the channel the volum
fraction is about 0.31. Once there is almost room for three particles it starts to
generate a third layer in the middle of the channel. This behavior remains for the
rest of the cases with lz≥3 in figure 4.12.
To conclude, it seems that there is a tendency to create a layer next to each wall
when possible. Once there starts to be room to create a third layer in the middle of
the channel that tends to happen. But this tendency of creating layers in the middle
of the channel starts to disappear when the channel becomes higher and higher. For
the last case studied lz = 6 the presence of the layer next to the wall is still there
but when approaching to the center, the distribution of the particles becomes more
random. Another observation is that the concentration in the layers next to the walls
decreases when the height of the channel increases.
4.2.2 Mean velocity
The particles mean velocity distribution along the height of the channel will help to
understand the particle behavior, how the particles flow in the fluid.
Figure 4.13 shows the mean velocity distribution along the normalized vertical coor-
dinate. The mean velocity seems to have a similar shape for all the cases. The main
difference is the number of times that the curve of the mean velocity decreases, the
higher is the channel, the more this is. Another important difference is that at the
beginning all the curves are horizontal, but once they start decreasing the curve stop
being horizontal and starts presenting some slope, which keep increasing.
To achieve a better understanding of the behavior of the mean velocity of the particles
with the different height of the channel, figure 4.14 shows the mean velocity along
the vertical coordinate not scaled with the channel height. The velocity curves drop
to zero in the center of the channel due to the imposed Couette flow.
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Figure 4.13: Mean velocity, Vmean versus the normalized vertical coordinate of the
channel, z/H for the cases of tables 4.1, 4.2 and 4.3. The legend containing the code
of colors and types of lines is in figure 4.8.
Figure 4.14: Mean velocity, Vmean versus the vertical coordinate of the channel, z for
the cases of tables 4.1, 4.2 and 4.3. The legend containing the code of colors and
types of lines is in figure 4.8.
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The mean velocity variation reported in figure 4.14 shows that for all the cases the
averaged speed of the particles close to the wall remains maximum and almost con-
stant until z≈1. In particular, in the case of lz = 2 the curve is completely horizontal
until it drops due to the smooth layering presented. This behavior corroborates the
hypothesis of the generation of a layer of particles next to the walls. The only cases
where the curve does not remain at its maximum until almost z = 1 are the ones
with the lowest channel height. In particular, the curves with lz < 2, when two layers
cannot form because of the lack of room. In these cases the mean velocity drop sooner
to almost zero, which probably happens due to the fact that the two layers share the
space in the middle. Therefore, some particles are flowing in the positive y-direction
and others in the negative, cancelling out one to another close to the center, in this
shared region. The curves of the channels with heights until 2.5 particle diameters
seem to present a similar behavior. In the case of lz = 2.5 (purple dash-dotted line)
the curve start dropping with an increasing slope at z≈0.7. This behavior is easy to
explain looking again to figure 4.12, which shows that for a channel with lz = 2.5 the
volume fraction at the center is about 0.225. Because of this increase of the amount
of particles in the center at the distance of 0.7 particle diameters from the wall, some
particles are flowing in the middle with much lower speed, which causes a decrease of
the mean velocity in those regions.
Looking again at the big picture, for the cases around lz = 3 the curves still tend to
zero in the middle, but this time they do it slowly when approaching to the center.
The reason why these curves tend to zero differently than the ones of previous cases is
because, in this case, they tend to generate a third layer in the middle of the channel
where the particles, in average, are not traveling but only rotating. It happens because
the Couette flow (figure 2.2) applies the same gradient of speed but opposite direction
in both sides of the particle cancelling out the travelling speed but generating an
angular speed.
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At last, in the cases where lz≥2.75 the mean velocity does not tend to zero at about
z = 1, instead it drops where the second layer would be situated. In this second
and further layers the speed does not remain stable. This behavior is due to the
fact that these layers are becoming more and more diffuse (seen in subsection 4.2.1,
figure 4.10). Hence, the particle distribution is more random which generates this
continuous fluctuations.
In conclusion, the study of the particle mean velocity corroborates the hypothesis
made in subsection 4.2.1. The particles tend to create a layer next to the wall. The
tendency of creating layer remains when going to the middle of the channel but loses
strength (or force) becoming diffuser and diffuser until it almost disappear when
increasing lz; in the case of lz = 6 the particle distribution is almost random in the
middle of the channel.
4.2.3 Variation of the velocities and the volume fraction
In this section the variation of the particle velocities in each direction and the concen-
tration is studied by calculating the root mean square of the fluctuations. The study
and interpretation of these fluctuations will help us to understand better the behav-
ior of the particles in the channel. First of all, the variation of velocities, starting by
the y-direction followed by the x and the z-direction, are presented first, before the
variation of the concentration.
In order to introduce the variation of velocities, it is important to remember that the
only velocity induced for the Couette flow is in the y-direction. Hence, the velocity
in the x-direction U and in the z-direction W are mainly generated by the particle
stresses and collisions.
Figure 4.15 shows the variation (root mean square) of the velocity in the y-direction
(direction of the flow) versus the vertical coordinate of the channel. The values of
Vrms are almost constant from the wall to z = 0.8. Once the curves approach the
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Figure 4.15: Root mean square of the velocity in the y-direction (stream-wise), Vrms
versus the vertical coordinate of the channel, z for the cases of tables 4.1, 4.2 and 4.3.
The legend containing the code of colors and types of lines is in figure 4.8.
end of the first layer (z = 1) they suddenly increase reaching its maximum value at
around z = 1. Moreover, it seems that the value increases more sharply for the cases
where the height of the channel is close to twice the particle diameter. In adition, for
the cases with a higher channel, where lz > 2.5, the maximum reached at the end of
the first layer is much lower. After the pick at z = 1 the Vrms’s curves fastly recover
their initial levels of fluctuations. reaches its maximum it starts to reduce and slowly
tend to recover a low value as it had before the pick at z = 1.
Furthermore, for the later values of the channel height the maximum reached at z≈1
is lower as the channel height gets bigger. This behavior, which is also present in
figures 4.17 and 4.18, can have three causes. On the one hand, if the number of
collisions is reduced the fluctuations will also be reduced, but this is unlikely since
the concentration remains constant and the disorder of the particles increases with
the channel height. On the other hand, the reasons why the maximums at z ≈ 1
decrease as the channel height increases can be that the intensity of the collisions
decreases and/or when a particle jumps from one layer to another the differences
50
Figure 4.16: Root mean square of the velocity in the y-direction (stream-wise), Vrms
versus the vertical coordinate of the channel, z for the cases from lz = 1.5 to lz = 2.25.
The legend containing the code of colors and types of lines is in figure 4.8.
of velocity decreases. Both effects are closely related to the velocity gradient that
actually decreases when the height increases. Hence, it is reasonable to assume that
since the velocity gradients are reduced and so is the mean velocity (see subsection
4.2.2 figures 4.13 and 4.14), the intensity of the collisions and velocity fluctuations of
the particles are also reduced.
In order to reach a better understanding of the behavior of the particle velocity
fluctuations in the direction of the fluid, the cases with a smaller channel height are
displayed again in figure 4.16.
Figure 4.16 shows the root mean square of the velocity in the y-direction versus the
vertical coordinate of the channel for all the cases from lz = 1.5 to lz = 2.25. The
maximum values of the cases with a channel height around two diameters of a particle
are much higher than the ones of the higher channels (see figure 4.15). The variation
increases with the height of the channel until lz = 2 where it reaches its maximum.
This pattern is due to the fact that until the channel height is not close to two units,
the particles cannot generate the two layers. Therefore, the particles move slowly and
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Figure 4.17: Root mean square of the velocity in the x-direction (span-wise), Urms
versus the vertical coordinate of the channel, z for the cases of tables 4.1, 4.2 and 4.3.
The legend containing the code of colors and types of lines is in figure 4.8.
in a random direction. Once the particles can generate these two layers the maximum
sharply increases because the collisions between those two particles are at maximum
speed and opposite direction. After the case of lz = 2 the values of Vrms decrease
but they are really close for the three cases studied. These decrease of the maximum
value is most likely because of the reduction of collisions due to the separation of the
layers, one close to each wall. It is also important to realize that the fluctuations in
the first layer of the case where lz = 2 are at the minimum, almost zero, which agrees
with the formation of a layer next to the wall.
In order to introduce the fluctuations of the velocity in the x-direction, Urms and in
the z-direction, Wrms, figures 4.17 and 4.18, respectively, have been made. Figure
4.17 and 4.18 show the fluctuations around the mean value of the velocity in the
x-direction and in the z-direction, respectively, calculated with the root mean square,
along the real vertical coordinate.
The variation of the velocity in the x-direction reported in figure 4.17 shows that the
curves from the wall to around z = 0.9, which is close to the end of the first layer, is
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minimum and more or less stable for all the cases. Around z = 1, where the first layer
ends, all the values of Urms reach a maximum. It is then when the curves tend to
decrease a little bit and remain pretty constant afterwards until they reach the center
of the channel. The maximum generated at the end of the first layer, in all the cases
studied, is probably due to the interactions originated between the particles of the
first layer and the ones next to them and closer to the center. Afterwards, closer to
the center, for the cases with high channels (lz≥4), the curves do not present a clear
maximum. The reason of this behavior most likely is because the disposition of the
particles near to the center is closer to a random disposition. Therefore, the particle
interactions close to the center do not have a clear region where they are more likely to
happen. Hence, the curves remain more or less constant. The values of the variation
of the velocity in the x-direction for the smallest cases (lz < 4) follow a pattern where
the fluctuations increases when the channel height increases and suddenly drops when
lz becomes an integer (it drops when the µ/µ0 does it). This behavior happen around
channel height equal to two and three time the size of the particle. However, for
the cases with the height of the channel of 4 diameters of a particle or higher, the
curves are lower when the height is bigger. The reason of this behavior was explained
when talking about the fluctuations of the velocity in the y-direction, figure 4.15. It
happens because when higher is the channel lower is the velocity gradient. Therefore,
the intensity of the collisions and the fluctuation due to a particle jumping from one
layer to another decrease as the height of the channel increases.
Figure 4.18 shows the variation (root mean square) of the velocity in the z-direction
versus the vertical coordinate of the channel. The variation of the vertical velocity
close to the wall is almost zero, because of the wall boundary condition. The most
relevant fact is that the curves increase sharply from zero to their maximum at z≈1
(where the first layer ends). Then the values of Wrms reach their maximum and
remain more or less constant until the center of the channel. The maximum occurs
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Figure 4.18: Root mean square of the velocity in the z-direction (cross-wise), Wrms
versus the vertical coordinate of the channel, z for the cases of tables 4.1, 4.2 and 4.3.
The legend containing the code of colors and types of lines is in figure 4.8.
at the end of the first layer, probably due to the collisions, as it was for the cases
of Urms, figure 4.17. Afterwards, the curves remain more or less constant because of
the more random distribution of the particles, a behavior seen in figure 4.17, Urms.
In general, when the height of the channel increases the values of Wrms decreases for
the cases with lz≥2.5. The reason of this reduction is because when the height of the
channel increases the velocity gradient decreases lowering the level of the fluctuation
what does not mean that the amount of irregularities in the flow (collisions and jumps
from one layer to another) decrease. However, this behavior is more clear for the cases
with lz≥3.5. The reason why is because at this point, the suspensions have reached
the bulk fluid behavior so they are mainly affected by the velocity gradient and not
particle distribution.
On the other hand, for the smallest cases, with lz < 2.5, the higher is the channel,
the bigger is the variation in z-velocity around z = 1, see figure 4.19. However, the
fluctuations when lz = 2 remain quite constant until increases close to the end of
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Figure 4.19: Root mean square of the velocity in the z-direction (cross-wise), Wrms
versus the vertical coordinate of the channel, z for the cases from lz = 1.5 to lz = 2.25.
The legend containing the code of colors and types of lines is in figure 4.8.
the first layer. This behavior in that particular case reinforce the hypothesis of the
formation of a layer next to the walls.
As a short conclusion, the variation of velocities in the three directions confirm the
initial hypothesis of the formation of a layer next to each wall of the channel. These
layers strongly affect the behavior of the velocity fluctuations at around z = 1, where
there is always a maximum for all the cases.
The fluctuations of the concentration, φrms, are displayed in figure 4.20 The variation
of the concentration shown in figure 4.20 resembles those in figure 4.10, the maximua
and minima are situated around the same vertical coordinates. The biggest differ-
ences, besides the scale of the y-axis, are the following. Firstly, in figure 4.20 the
discrepancies between the fluctuations of the concentration at the maximum, around
z = 0.5, are bigger than the discrepancies between the actual concentration shown in
figure 4.10. Secondly, the fluctuations of the volume fraction at the minimum at z≈1
are really close to zero, being almost zero when the channel height is equal to two
and the formation of the two layers becomes easier.
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Figure 4.20: Root mean square of the concentration factor (volume fraction), φrms
versus the vertical coordinate of the channel, z for the cases of tables 4.1, 4.2 and 4.3.
The legend containing the code of colors and types of lines is in figure 4.8.
These observations reinforce our hypothesis. The fact that the fluctuations at the
minimum at z≈1 are really close to zero corroborates the hypothesis of the generation
of a layer next to the wall, because that minimum remains almost constant in time.
In conclusion, the variation of the velocities have always a singularity around z = 1,
where the first layer ends, which corroborates the formation of a layer next to each
wall. In particular, in the cases where the particles could form two or three layers
(lz = 2 & 3) the velocity fluctuations are lower than the cases where the channel
height are slightly different. In addition, the highest cases have also shown low level
of fluctuations, which most likely is due to the fact that they have reached the bulk
fluid behavior. Moreover, they show a lower level of fluctuations when the channel
height is bigger which can be explain by the decrease of the velocity gradient which at
the same time decreases the intensity of the collisions. Hence, in the higher cases the
fluctuation of the velocities tend to decrease when the height of the channel increases.
On the other hand, the fluctuations of the volume fraction are proportional to the
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concentration with an exception at z = 1 where the variation are almost none, which
also confirm the formation of a layer next to each wall.
4.3 Particle distribution into the channel
The aim of this section is to ascertain what happens to the suspended particle distri-
bution into the channel by looking at different snapshots of the simulations. All the
visualizations are taken from the sample of simulations of subsection 4.1.1, where the
particle Reynolds number is equal to 5.
The cases studied in this section, which are summarized in table 4.7, are some of the
most representative ones.
Table 4.7: Cases studied in section 4.2 and their respective figures
Height of the channel
(particle diameter)
Reynolds number
of the fluid
Figure
1.5 45 4.21
1.875 70.3125 4.22
2 80 4.23
2.5 125 4.28
2.75 151.25 4.24
3 180 4.25
4 320 4.26
6 620 4.27
The sample of cases shown in table 4.7 are representative of all the simulated cases and
enough to show the general behavior of the particles inside the different channels. The
first case presented is shown in Figure 4.21, which is from a channel of height equal
to 1.5 particle diameter and the Reynolds number of the fluid equal to 45. Since the
channel height is much less than two particle diameter the two layers formed overlap in
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Figure 4.21: particle distribution into the channel of the simulations for the case of
height of the channel lz = 1.5 and Reynolds number of the fluid Ref = 45.
Figure 4.22: particle distribution into the channel of the simulations for the case of
height of the channel lz = 1.875 and Reynolds number of the fluid Ref = 70.3125.
the middle. This phenomena explains why the concentration ratio increases reaching
its maximum in the middle of the channel, see figure 4.10.
When the height of the channel increases to almost two particle diameters the particles
start forming two clear layers, one next to each wall. One example of this behavior
is presented in Figure 4.22 which is a picture of the channel of the simulation where
the channel height is equal to 1.875 particle diameters and the Reynolds number of
the fluid is equal to 70.3125. Even though the two layers are present, some particles
are still flowing through the middle of the channel, which may not happen once the
channel height is slightly bigger.
Figure 4.23 is a picture of the channel of height equal to 2 particle diameters and
the Reynolds number of the fluid is equal to 80. In this case, where two particles
can fit one above the other, the generation of the two layers is clear. Furthermore, in
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Figure 4.23: particle distribution into the channel of the simulations for the case of
height of the channel lz = 2 and Reynolds number of the fluid Ref = 80.
Figure 4.24: particle distribution into the channel of the simulations for the case of
height of the channel lz = 2.5 and Reynolds number of the fluid Ref = 125.
contrast with the case shown in figure 4.22, when lz = 2 there are no particles outside
the layers.
Once the channel height increases the particle distribution becomes more random. An
example of this behavior is figure 4.24, which represents the flow with lz = 2.5 and
Ref = 125. In this case, even though the majority of the particles still are allocated
next to the walls, an important number of particles are situated in the middle of the
channel without any apparent order.
The particle distribution start forming a third layer in the middle of the channel when
its height allows it. Figure 4.25 represents a picture of the channel with a height equal
to 2.75 and the Reynolds number of the fluid is equal to 151.25, that is high enough to
start showing the generation of a third layer. In this case, the two layers close to the
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Figure 4.25: particle distribution into the channel of the simulations for the case of
height of the channel lz = 2.75 and Reynolds number of the fluid Ref = 151.25.
walls are still there, as our interpretation of figure 4.10 suggested, and the particles
are ordered into the layer. However, the third layer does not show this order, the
particles have a more random distribution.
In the case of figure 4.26, which represents the channel with height equal to 3 particle
diameters and the Reynolds number of the fluid is equal to 180, the three layer are
more clear. This time three particles can be above each other, so the generation
of the third layer in the middle becomes easier. However, even in this case where
the particles would flow easier if they create three perfect layers, the particles in the
third layer are still allocated quite randomly, which contrast with the other two layers
which always show an organized particle disposition.
When the height of the channel increases to values where more layers can be formed
as in the case of figure 4.27 where lz = 4 one could expect the formation of four layers,
two next to the walls and two in the middle, but the interpretation of the graphics
in section 4.2 said otherwise. Even though the channel still have two layers, one next
to each wall, in the middle there is no clear layer. The randomness of the particle
distribution in the middle of the channel increases with the height of the channel.
Figure 4.28 shows the case where the height of the channel is equal to 6. In this case
the distribution of the particles in the middle of the channel look completely random.
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Figure 4.26: particle distribution into the channel of the simulations for the case of
height of the channel lz = 3 and Reynolds number of the fluid Ref = 180.
Figure 4.27: particle distribution into the channel of the simulations for the case of
height of the channel lz = 4 and Reynolds number of the fluid Ref = 320.
However, it still has the layers next to the walls and in comparison with the center of
the channel, the particle distribution next to the two layers is less diffuse. However,
as it was observed in the previous section, the concentration of the particles in the
first layer is smaller than in the case where the height of the channel is equal to 2,
figure 4.23.
The conclusions made in section 4.2 referring to the particle distribution have been
proven right through the analysis of the particle distribution in this section.
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Figure 4.28: particle distribution into the channel of the simulations for the case of
height of the channel lz = 6 and Reynolds number of the fluid Ref = 720.
The particles tend to flow in the channel forming a layer next to each wall as soon
as it possible. This behavior was already observed in section 4.2 when looking at the
concentration distribution (Figure 4.10) and could also be deduced by the behavior
of the velocity and its fluctuations. Furthermore, when the height of the channel
increases and allows the particles to form a third layer they tend to do it, but this layer
is more diffuse. Increasing the channel height the particle distribution in the middle of
the channel becomes more and more random until it is impossible to see any pattern.
Once the channel is high enough, in particular when lz≥4.5, the particle distribution
in the middle of the channel becomes completely random but they still form the layers
next to the walls. However, this layers have a smaller particle concentration than the
cases where the height of the channel is smaller. In summary, particles tend to form
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a layer next to each wall and have a certain degree of randomness on the distribution
in the center of the channel that increases with the height of the channel. This is
responsible for increased transport and therefore viscosity.
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Chapter 5
Conclusions
In this thesis we have studied non-colloidal non-Brownian suspensions of neutrally-
buoyant rigid spherical particles flowing in confined geometries. The study focuses on
the understanding of the behavior of the effective viscosity, the particle distribution
in the channel and the behavior of the velocity for different channel heights.
5.1 Summary
The study of the normalized effective viscosity have shown surprising results. The
normalized effective viscosity seems to follow an undulating pattern that increases its
mean increasing the height of the channel. The amplitude of the undulation decreases
when the height of the channel increases until it almost disappears when the height
of the channel is more than 5 diameters. This convergence at high values is due to
the fact that the suspensions have reached the bulk fluid behavior. However, the bulk
fluid behavior has been reached later in the cases where the inertia was higher.
In general, it seems that there is a local minimum when the height of the channel is
a multiple of the diameter of a particle. On the other hand, the maxima are located
around 1.75, 2.5 and 3.5 particle diameter. In contrast with the theory that says that
the normalized effective viscosity increases when the particle Reynolds number does it,
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the three curves show an almost identical behavior until lz = 2.5. From lz = 2.5 to lz =
3.25 the curves start to diverge one from the others. Nevertheless, the curves converge
again in the minimum around lz = 3. Once the height of the channel is big enough
the viscosity curves show the expected differences of the normalized effective viscosity
due to the shear-thickening. Hence, it seems that the high confinement reduces the
normalized effective viscosity due to the differences of the Reynolds number.
The behavior of the normalized effective viscosity could be useful in the cases where
the viscosity wants to be minimized or maximized in a highly confined geometries.
Selecting channels with heights of 2 or 3 particle diameter when minimizing the
viscosity is the objective or choosing channels with heights of 1.75, 2.5 or 3.5 particle
diameter when the goal is maximizing it.
The study of the concentration have shown that there is a tendency to create a layer
next to each wall when possible. Once there starts to be room to create a third layer
in the middle of the channel that tends to happen. However, this third layer is more
diffuse, the particles are a little bit disordered. The tendency of creating layers in
the middle of the channel starts to disappear when the channel becomes higher and
higher. For the last case studied lz = 6 the layer next to the wall was still there
but when approaching the center, the distribution of the particles become completely
disordered. Another observation is that the concentration in the layers next to the
walls decreases when the height of the channel increases.
The study of the mean particle velocity reveals that the particles flow in relative order
in the top and bottom of the channel, through the layer next to each wall, where the
velocity remains almost constant. The mean velocity varies more when approaching
the center of the channel, where the particle distribution is random.
The study of the fluctuation of the velocities and the volume fraction is congruent
with the particle distribution into the channel. The variation of the velocities has
always a singularity where the first layer ends. In addition, the variations have shown
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to be more or less proportional to the intensity of the collisions and the fluctuation
due to a jump of a particle from one layer to another; both phenomena are dependent
on the gradients of velocities. Hence, in the cases where the height of the channel
is bigger and present a random particle distribution the variation of the velocities
tend to decrease when the height of the channel increases. On the one hand, in the
smaller cases the minima of the fluctuations where at lz = 2 and lz = 3, in comparison
with the cases with a close lz, due to the reduction of the fluctuation because of the
formation of the stable layers. In particular the lowest level of fluctuation was shown
when the height of the channel is twice the particle diameter, where two perfect
layers are formed. Hence, stable layers present in the suspension show low level of
fluctuation and low normalized effective viscosity.
The variation of the concentration ratio is proportional to the concentration ratio
with an exception at z = 1 (the end of the first layer) where the fluctuation is almost
none, which also confirm the formation of a layer next to each wall.
5.2 Main Conclusion
The particles tend to form a layer next to the wall, while the particle distribution in
the center of the channel becomes more disordered when the channel height increases,
tending to the bulk fluid behavior. The formation of stable layers when the channel
height is two or three time the particle diameter lead to a low level of fluctuations,
low momentum transfer. Furthermore, this low momentum transfer due to the stable
layers highly reduces the normalized effective viscosity, close to half in a big channel.
These effects are present for each Reynolds number and the differences between the
bulk fluid behavior and the stable layers have shown to increase with inertia.
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5.3 Future Work
We considered neutrally-buoyant rigid spherical particles. It would be of interest to
extend the research to different particle shapes and/or chains of particles to observe
the effects that these would have on the effective viscosity and the particle distribu-
tion.
Another topic that could complement our work would be to reproduce the study by
doing experimental tests to corroborate the results obtained from the simulations.
Considering the behavior shown by the normalized effective viscosity it would also be
of interest to design a mathematical model to predict the undulation pattern of the
viscosity.
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Appendix A
Convergence of the simulations
In this chapter of the Appendices the plots of the convergence in time of the normal-
ized effective viscosity are shown.
A.1 Convergence of the simulations, Rep = 1
Figures A.1, A.2, A.3 and A.4 show the convergence of the normalized effective vis-
cosity of all the cases studied where the Reynolds number of the particles is 1.
A.2 Convergence of the simulations, Rep = 5
Figures A.5, A.6, A.7 and A.8 show the convergence of the normalized effective vis-
cosity of all the cases studied where the Reynolds number of the particles is 5.
A.3 Convergence of the simulations, Rep = 10
Figures A.9, A.10, A.11 and A.12 show the convergence of the normalized effective
viscosity of all the cases studied where the Reynolds number of the particles is 10.
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(a) lz = 1.5 (b) lz = 1.75
(c) lz = 1.875 (d) lz = 1.9375
(e) lz = 2 (f) lz = 2.0625
Figure A.1: Normalized effective viscosity µ/µ0 versus time steps t/tref of the simu-
lation for the cases of height of the channel lz from 1.5 to 2.0625 and fluid Reynolds
number Rep = 1.
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(a) lz = 2.125 (b) lz = 2.25
(c) lz = 2.5 (d) lz = 2.75
(e) lz = 2.875 (f) lz = 2.9375
Figure A.2: Normalized effective viscosity µ/µ0 versus time steps t/tref of the simu-
lation for the cases of height of the channel lz from 2.125 to 2.9375 and fluid Reynolds
number Rep = 1.
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(a) lz = 3 (b) lz = 3.0625
(c) lz = 3.125 (d) lz = 3.25
Figure A.3: Normalized effective viscosity µ/µ0 versus time steps t/tref of the sim-
ulation for the cases of height of the channel lz from 3 to 3.25 and fluid Reynolds
number Rep = 1.
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(a) lz = 3.5 (b) lz = 3.75
(c) lz = 4 (d) lz = 5
Figure A.4: Normalized effective viscosity µ/µ0 versus time steps t/tref of the simula-
tion for the cases of height of the channel lz from 3.5 to 5 and fluid Reynolds number
Rep = 1.
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(a) lz = 1.5 (b) lz = 1.75
(c) lz = 1.875 (d) lz = 1.9375
(e) lz = 2 (f) lz = 2.0625
Figure A.5: Normalized effective viscosity µ/µ0 versus time steps t/tref of the simu-
lation for the cases of height of the channel lz from 1.5 to 2.0625 and fluid Reynolds
number Rep = 5.
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(a) lz = 2.125 (b) lz = 2.25
(c) lz = 2.5 (d) lz = 2.75
(e) lz = 2.875 (f) lz = 2.9375
Figure A.6: Normalized effective viscosity µ/µ0 versus time steps t/tref of the simu-
lation for the cases of height of the channel lz from 2.125 to 2.9375 and fluid Reynolds
number Rep = 5.
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(a) lz = 3 (b) lz = 3.0625
(c) lz = 3.125 (d) lz = 3.25
(e) lz = 3.5 (f) lz = 3.75
Figure A.7: Normalized effective viscosity µ/µ0 versus time steps t/tref of the sim-
ulation for the cases of height of the channel lz from 3 to 3.75 and fluid Reynolds
number Rep = 5.
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(a) lz = 3.75 (b) lz = 4.5
(c) lz = 5 (d) lz = 6
Figure A.8: Normalized effective viscosity µ/µ0 versus time steps t/tref of the sim-
ulation for the cases of height of the channel lz from 3.75 to 6 and fluid Reynolds
number Rep = 5.
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(a) lz = 1.5 (b) lz = 1.75
(c) lz = 1.875 (d) lz = 1.9375
(e) lz = 2 (f) lz = 2.0625
Figure A.9: Normalized effective viscosity µ/µ0 versus time steps t/tref of the simu-
lation for the cases of height of the channel lz from 1.5 to 2.0625 and fluid Reynolds
number Rep = 10.
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(a) lz = 2.125 (b) lz = 2.25
(c) lz = 2.375 (d) lz = 2.5
(e) lz = 2.75 (f) lz = 2.875
Figure A.10: Normalized effective viscosity µ/µ0 versus time steps t/tref of the simu-
lation for the cases of height of the channel lz from 2.125 to 2.875 and fluid Reynolds
number Rep = 10.
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(a) lz = 2.9375 (b) lz = 3
(c) lz = 3.0625 (d) lz = 3.125
(e) lz = 3.25 (f) lz = 3.5
Figure A.11: Normalized effective viscosity µ/µ0 versus time steps t/tref of the sim-
ulation for the cases of height of the channel lz from 2.9375 to 3.5 and fluid Reynolds
number Rep = 10.
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(a) lz = 3.75 (b) lz = 4
(c) lz = 5 (d) lz = 6
Figure A.12: Normalized effective viscosity µ/µ0 versus time steps t/tref of the sim-
ulation for the cases of height of the channel lz from 3.75 to 6 and fluid Reynolds
number Rep = 10.
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Appendix B
Variations of the suspension’s
properties
In this chapter of the Appendices the plots of the variations and fluctuations of the
suspension’s properties versus the vertical coordinate of the channel are shown for all
the cases studied together.
B.1 Concentration factor
Figure B.1 shows the local concentration for al the cases studied.
B.2 Mean velocity
Figure B.2 shows the evolution of the mean velocity through the vertical coordinate
of the channel for all the cases studied.
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B.3 Fluctuation of the velocities and the volume
fraction
Figure B.3, B.4 and B.5 shows the fluctuations of the stream-wise, span-wise and
cross-wise velocity, respectively, for all the cases studied while Figure B.6 shows the
fluctuations of the volum fraction.
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(a) Rep = 1
(b) Rep = 5
(c) Rep = 10
Figure B.1: Concentration factor (volume fraction), φ versus the vertical coordinate
of the channel, z for the cases of tables: (a) 4.4; (b)4.1, 4.2 and 4.3; (c) 4.5. The
legend containing the code of colors and types of lines is in figure 4.8.
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(a) Rep = 1
(b) Rep = 5
(c) Rep = 10
Figure B.2: Mean velocity, Vmean versus the vertical coordinate of the channel, z for
the cases of tables: (a) 4.4; (b)4.1, 4.2 and 4.3; (c) 4.5. The legend containing the
code of colors and types of lines is in figure 4.8.
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(a) Rep = 1
(b) Rep = 5
(c) Rep = 10
Figure B.3: Concentration factor, φ versus the vertical coordinate of the channel, z
for the cases of tables: (a) 4.4; (b)4.1, 4.2 and 4.3; (c) 4.5. The legend containing the
code of colors and types of lines is in figure 4.8.
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(a) Rep = 1
(b) Rep = 5
(c) Rep = 10
Figure B.4: Root mean square of the velocity in the x-direction, Urms versus the
vertical coordinate of the channel, z for the cases of tables: (a) 4.4; (b)4.1, 4.2 and
4.3; (c) 4.5. The legend containing the code of colors and types of lines is in figure
4.8.
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(a) Rep = 1
(b) Rep = 5
(c) Rep = 10
Figure B.5: Root mean square of the velocity in the z-direction, Wrms versus the
vertical coordinate of the channel, z for the cases of tables: (a) 4.4; (b)4.1, 4.2 and
4.3; (c) 4.5. The legend containing the code of colors and types of lines is in figure
4.8.
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(a) Rep = 1
(b) Rep = 5
(c) Rep = 10
Figure B.6: Root mean square of the concentration ratio, φrms versus the vertical
coordinate of the channel, z for the cases of tables: (a) 4.4; (b)4.1, 4.2 and 4.3; (c)
4.5. The legend containing the code of colors and types of lines is in figure 4.8.
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